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martingale difference sequence, or a centred sequence with a suitable
level of negative dependence. We prove Baum-Katz type theorems by KEYWORDS

only assuming that the variables X, satisfy a uniform moment bound Complete convergence;
condition. We also prove that this condition is best possible even Marcinkiewicz-Zygmund
for sequences of centred, independent random variables. This leads strong law of large numbers;
to Marcinkiewicz-Zygmund type strong laws of large numbers with rate of convergence;

independent random
variables; martingale
difference sequences

estimate for the rate of convergence.
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CLASSIFICATIONS
Primary: 60F15; 60G42;
60G50; Secondary: 60F10

1. Introduction
1.1. Motivation and related results

Let {X,,}4>1 be a sequence of random variables, we always assume that they are defined on
the same probability space. Forall n € Nt letS, = 2?21 Xiand M,, = max)<j<y |Si|. For
some positive parameters p, r consider the statement

o0
Z w2 p (M, > gnl/r) <oo foralle >0, (M)
n=1
and the weaker claim
(0,0]
Z nPl" 2P (IS,] > en'/") < 0o foralle > 0. S
n=1

The main goal of the paper is to prove (M) or (S) under different conditions. We may
assume that 0 < r < 2 and p > r. Indeed, if p < r then (M) trivially holds. If p > r > 2
then by the central limit theorem the sum in (S) is divergent for all & > 0 even if {X,,},>1
is an i.i.d. sequence with mean zero and finite variance.
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We cite the known results in this subsection, for the new ones see Section 1.2. First
consider the classical results for i.i.d. random variables. Following Hsu and Robbins [13]
we say that a sequence {X,,},>1 converges completely to 0 if

o0
ZP(UM >¢)<oo foralle >0.

n=1

By the Borel-Cantelli Lemma this implies that X, — 0 almost surely, but the converse
is not necessarily true. If {X,},>1 is a centred i.i.d. sequence of random variables then
Sp/n — 0 almost surely by the strong law of large numbers. Under what conditions
does S, /n converge completely to 02 Hsu and Robbins [13] showed that E (Xlz) < 00 is
sufficient, and Erdés [10,11] proved that it is necessary.

Theorem 1.1 (Hsu-Robbins-Erdés strong law of large numbers): Let {X,},>1 be a
sequence of centred i.i.d. random variables. Then the following are equivalent:

() EX) <o,
(i) Y02 P (ISl > en) < oo foralle > 0.

A more general classical theorem is the following.

Theorem 1.2 (Baum-Katz, Chow): Let {X,,},>1 be a sequence of i.i.d. random variables.
Let 0 < r < 2 and let p > r. The following statements are equivalent:

E (|X;|P) < oo and if p > 1 then E (X;) = 0, (1)
o0
Z w2 (1S,] > snl/’) <oo foralle >0, (2)
n=1
o0
Z w2 (M,, > snl/’) < oo foralle > 0. (3)
n=1

The equivalence of (1) and (2) in the case r = p = 1 is due to Spitzer [24], the case
r = 1, p = 2 is the Hsu-Robbins-Erdés strong law, while the general case is due to Baum
and Katz [2]. For the equivalence of (1) and (3) see Chow [5].

The next theorem is the Marcinkiewicz-Zygmund strong law of large numbers, see [20].
Note that the case p = 1 dates back to Kolmogorov [15] and includes the classical strong
law of large numbers.

Theorem 1.3 (Marcinkiewicz-Zygmund strong law of large numbers): For an i.i.d.
sequence of random variables {X,},>1 and 0 < p < 2 the following are equivalent:

(i) E(XiP) <ooandifp>1thenE(X;) =0,
(ii) lim,_ 0o n~YPS, = 0 almost surely.

The following statement explains the connection between Theorem 1.2 and the
Marcinkiewicz-Zygmund strong law of large numbers and its rate of convergence. It
is formulated for arbitrary sequences of random variables, see [7, Remarks 1 and 2] and
see also [17, Lemma 4] for the proof of part (ii).
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Statement 1.4: Let {X,},>1 be an arbitrary sequence of random variables, let 0 < r < 2
and let p > r. Assume that (M) holds.

(i) Ifp=rthenforalle >0 we have

[o/0)
ZIF’(Mzn > 2P < oo,

n=1

which implies that lim,_, ~ n~YPS, = 0 almost surely.
(ii) Ifp > r then for all ¢ > 0 we have

o0
Z nP/T=2p (supkl/’lskl > s) < 00.

n=1 k=n

Since the above probabilities are non-increasing, we obtain that

P (supk_l/rlskl > 8) =o(n' "y asn — oc.
k>n

In contrast to Theorems 1.2 and 1.3, we will not assume independence or identical
distributions in the following. Now we summarize the known results in this direction,
which requires some technical definitions.

The following theorem partly generalizes the Marcinkiewicz-Zygmund strong law of
large numbers, see Stout [27, Theorem 3.3.9] and [27, Corollary 3.3.5]. It is based on
Chung [6] in the case of independent variables and is implicitly contained in Loéve [19].
Its proof uses a conditional three series theorem [27, Theorem 2.8.8].

Theorem 1.5 (Stout): Let f: [0,00) — R™ be a non-decreasing function with

o0

1
@ ACA

< 0

Let 0 < p < 2. Let {Xp,}n>1 be

(i) an arbitrary sequence of random variables if 0 < p < 1 and suppose that
X xp_lf(x) is non-increasing,

(ii) amartingale difference sequence (MDS) if 1 < p < 2 and assume that x — xP~2f (x)
is non-increasing.

Ifsup,oq E (X IPf (1Xnl)) < oo then limy,_ oo n~lPS, = 0 almost surely.
Definition 1.6: We say that the sequence {X,},>1 is weakly dominated by a random

variable X if there is a constant C € Rt such that for all n € N* and x > 0 we have

P(Xul >x) = CP(X] > x), (WD)
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and weakly mean dominated if

LS P >0 < CR(X] > ) (WMD)
k=1

for some C € R™ and foralln € N* and x > 0.
The following definition was introduced by Alam and Saxena [1] and Joag-Dev and
Proschan [14].

Definition 1.7: A finite family of random variables {X; : 1 < i < n} is called negatively
associated (NA) if for every pair of disjoint subsets A, Ay C {1,...,n} we have

Cov (fl(Xi (i€ Al),fz(Xj 1j€A)) <0

for all coordinatewise non-decreasing functions f; and f, for which the covariance exists.
An infinite family of random variables is NA if every finite subfamily is NA.

The following definition is due to Lehmann [18].

Definition 1.8: Two random variables X and Y are called negatively quadrant dependent
(NQD) if for all x, y € R we have

PX<x,Y=<y) =PX=x)P(Y <y).

Every independent sequence is NA, and each pairwise independent sequence is pairwise
NQD. It is proved in [14] that every NA sequence is pairwise NQD. For the next theorem
see Kuczmaszewska [16, Theorem 2.1] and its proof.

Theorem 1.9 (Kuczmaszewska): Let 0 < r < 2 and p > r. Assume that the sequence
{Xn}u>1 is weakly mean dominated by a random variable X satisfying E (|X|P) < oo. If
p > 1 assume that {X,,},>1 is centred and NA. Then (M) holds.

Remark 1.10: If p = 1 we obtain the above theorem by applying the Markov inequality
P(Z > t) < E (Z1)/t1 at the beginning of [16, (2.4)] for some g > 1.

For the following theorem see Tan et al. [28, Theorems 1.1, 1.2], and see also Gan and
Chen [12, Theorem 2.2] for the second part of the statement. Note that it is strongly based
on the pioneering work of Wu [29].

Theorem 1.11 (Wu, Tan-Wang-Zhang, Gan-Chen): Let 0 < r < pand 1 < p < 2.
Let {X,,}u>1 be a centred, pairwise NQD sequence which is weakly dominated by a random
variable X with E (|X|P) < oo. Then (S) holds. If r # p then (M) holds.

Now we state the last two results of this subsection, which consider MDS. Miao,
Yang, and Stoica [21, Theorems 2.1 (1), 2.3] proved the following theorem about the case
1<p<2

Theorem 1.12 (Miao-Yang-Stoica): Assume that0 < r < p < 2. Let {X,,},>1 be a MDS
which is weakly mean dominated by X. Property (M) holds if

(i) r=p=1andE(X|log" |X]) < o0,
(i) 1<p<2andE (X|P) < oo.
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Remark 1.13: Note that (i) is optimal: Elton [9] proved that if X is a centred random
variable with [E (| X| log+ |X|) = oo then there is a MDS {X},},>1 such that X, and X have
the same distribution for all n and S,,/n — oo as n — oo almost surely. Thus (M) cannot
hold by Statement 1.4(i).

The above theorem generalizes a result of Dedecker and Merlevéde [7, Theorem 5] for
real valued random variables. In the case p > 2 a new phenomenon emerges. For the
following theorem see the proofs of [21, Theorems 2.2, 2.4 (3)].

Theorem 1.14 (Miao-Yang-Stoica): Let 0 < r <2 < pand q(r,p) =2(p —1r)/2 —1).
Let {Xu}n=1 be a MDS such that sup,,..; E (1X,|7) < oo.

(i) Ifq > q(r,p) then (M) holds.
(ii) Ifq = q(p,r) then there is a MDS {X,,},>1 which is weakly dominated by a random
variable X satisfying E (|X|1) < oo such that (S) does not hold.

1.2. The results of the paper

The goal of the paper is to investigate statements (M) and (S) for arbitrary random variables,
MDS, and centred sequences with a certain level of negative dependence. We will deduce
(M) by assuming only a uniform moment condition sup,.; E (|X,|9f (|X,|)) < oo, so
in contrast to Theorems 1.9, 1.11, and 1.12 properties (WD) and (WMD) will not be
assumed. We will find the smallest possible suitable constant g = g(p, ) which we call
the critical exponent. In particular, we generalize Theorems 1.14 and 1.5. We will be also
able to determine the precise smaller order term f. Similarly to Theorem 1.5 the function
f:10,00) — R might be any non-decreasing function satisfying Y .-, 1/f(2") < oo,
and the finiteness of the sum is really necessary even for (S). By Corollary 3.2 we may assume
that f (1) = n°D as n — o0, see also Remark 1.18 for the least possible order of magnitude
of f. Stoica claimed similar theorems for MDS in [25,26], but those results are incorrect.
He stated in [25] that if 0 < r < 2 < p and {X,;},>1 is a MDS with sup,.; E (|X,|P) < oo
then (S) holds. This was disproved in [24], see Theorem 1.14. Theorems 1 and 2 in [26]
state that if 1 < r < p < 2 and {X,}s>1 is a MDS with sup,.; E (| X, log+ X, < o0
then (S) holds. Theorem 6.5 below witnesses that this is not true even for independent,
centred sequences of random variables.
The following theorem is one of the most important results in the paper.

Theorem 1.15:  Let f: [0,00) — R be a non-decreasing function such that

S |
;f(zn) <

LetO<r<2andletp > r. Let {X,},>1 bea

(i) sequence of arbitrary random variables if 0 <r <p <landr<1,
(i) MDSifl<p<2orr=p=1,
(iii) ~centred, negatively associated sequence of random variables if p > 2.
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Ifsup,. E (IXnlPf (|1X4])) < 00 then for all ¢ > 0 we have

o
Z P2 P (M, > en'/") < c0.

n=1

We will prove the above theorem in several steps. Theorem 4.1 implies (i), Theorems 5.1
and 5.2 yield (ii), and (iii) is stated as Theorem 6.1.

The next theorem is analogous to Theorem 1.11 with a similar proof. Thus, instead of
proving it, we suggest the reader to follow [28, Theorems 1.1, 1.2].

Theorem 1.16: Let f: [0,00) — R be a non-decreasing function such that

=1
;f@") =

Let 0 < r < pand 1 < p < 2. If {Xu}u=>1 is a centred, pairwise NQD sequence with
sup,~ E (IXaPf (1X41)) < oo then (S) holds. If r # p then (M) holds, too.

The following theorem shows that the moment conditions above are sharp even for
independent, centred random variables, even if r = p and we want to obtain only
lim,,_ oo n~1/PS,, = 0 almost surely, recall Statement 1.4(3).

Theorem 6.5: Letf: [0,00) — R be a non-decreasing function such that

1
;f@") -

Let 0 < r < 2 and let p > r. Then there exists a sequence of independent, centred random
variables {Xy}u>1 such that sup, ., E (| Xy, IPf(1Xn])) < 0o and

o0
> nlT2P (IS, > nl7) = oo.

n=1

Moreover, ifr = p then limsup, , . n~V/PS, > 1 almost surely.

First consider Theorem 1.15(i). In the case of arbitrary random variables we need to
suppose that r < 1. Indeed, for 1 < r < plet X,, = 1 for all n. Then sup,-, E (|X,,|?) =1
forall g > 0 but B

o0 o0 o0
ot TR(S,) > (120 )y =) =Y T = o0,
n=1 n=1 n=1

Theorem 1.15(i) easily follows from the following, more general theorem.

Theorem 4.1: Letf: [0,00) — R be a non-decreasing function such that

=1
;fa") =
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Let0 < r < landletp > r, and define g = q(r, p) = max{p, (p — r)/(1 — r)}. Assume that
{Xu}n=1is a sequence of random variables with sup, - E (|X;,|f (|Xx|)) < 0c. Then for all
& > 0 we have

oo
Z P72 P (M, > en'/") < c0.
n=1
We prove that the above theorem is sharp. By Theorem 6.5 it is enough to consider the
casep > 1.

Theorem 4.2: Letf: [0,00) — R be a non-decreasing function such that

=1
gf@") -

Let0<r<1<pandletq=q(r,p) = (p—r)/(1 —r). Then there is a sequence of random
variables {Xy}u>1 such that sup,,_ | E (| X,|f (|1Xy])) < 00 and

o0
an/f—zpqsu >nl/") = oo.

n=1

We prove Theorem 1.15(ii) for p < 2 as Theorem 5.1. We follow the strategy of the
proof of [7, Appendix A.1]. Theorem 4.2 yields that Theorem 1.15(ii) does not remain true
for arbitrary random variables.

The following theorems handle MDS in the case p > 2. In particular, the next theorem
proves Theorem 1.15(ii) for p = 2.

Theorem 5.2: Letf: [0,00) — R be a non-decreasing function such that

S |
;f(zn) < 0

LetO<r<2<pandletq=q(r,p) =2(p —1)/(2 —r). Let {X,,}n>1 be a MDS such that
sup,>1 E (IXnl9f (1Xnl)) < 00. Then for all & > 0 we have

o
Z P2 P (M, > en'/") < .

n=1
The following theorem witnesses that the above result is best possible.

Theorem 5.4: Letf: [0,00) — R be a non-decreasing function such that

o0

1
Zf(zn) =0

n=1

Let0 <r<2<pandletq=q(r,p) =2(p —r)/(2 — r). Then there is a MDS {X}n>1
such that sup, .1 E (|X,|%f (1Xx|)) < 00 and

o0
Z P2 P (1S,] > n'/") = o0.

n=1
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Table 1. The critical exponents for different intervals of p and types of sequences. ICS denotes
independent, centred sequences, and MDS, respectively.

ICS MDS Arbitrary sequences
p=<1 p p pifr<1
1<p=<2 p p (p—n/Q—=r)ifr<1
p>2 p 20—nr)/2—r) p—n/0=nifr<1

Miao et al. proved that the threshold in Theorems 52 and 5.4 is at
q(r,p) = 2(p — r)/(2 — r), recall Theorem 1.14. We will improve their methods in order
to find the precise smaller order term.

Theorem 1.15(iii) is stated as Theorem 6.1, which will simply follow from an inequality
of Shao [23]. If 0 < r < 1 then we can remove the assumption that {X,,},>1 is centred from
Theorems 1.16 and 6.1.

Corollary 6.3: Letf: [0,00) — R* be a non-decreasing function such that

21
;ﬂm<”

Let0 < r<1<p,andlet {X,},>1 be a sequence of

(1) pairwise NQD random variables if 1 < p < 2,
(2) negatively associated random variables if p > 2.

Assume that sup,,- | E (X, IPf(1X4])) < co. Then for all ¢ > 0 we have

x
an/r_z}P’(Mn > en'/") < 0.

n=1

The above theorems witness that if 0 < r < 2 < p then the critical exponents for
independent centred sequences and MDS are different, since p < 2(p — r)/(2 — r). See
Table 1 for the values of the critical exponents.

We do not know much about pairwise independent random variables if p > 2.
Problem 1.17: Let0 < r <2 < pandletk > 2 be an integer. Let {X,,},>1 be a sequence of
k-wise independent, centred random variables. Do there exist results similar to Theorem 5.2
(replace M, by |S,| if necessary) and Theorem 5.4 with some q = q(r, p, k)? If yes, is it true
that q(r,p, k) = p for all r, p, k?

In fact, for some values of r, p, k we can show that q(r, p, k) = p is the critical exponent
for (S). The following remark is about the least possible order of magnitude of f in the
above theorems.

Remark 1.18: Let logJr (x) = max{l,logx} for x > 0 and log+ (0) = 1. For k € N7 let
logk+ (x) denote the kth iteration of log+ (x). For m € NT and ¢ > 0 define the functions
fons fme 1 [0,00) — RT as

fn(x) = [ log{ ),
k=1

Jme(xX) = fm(x) (log; (x))s .
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It is easy to see that for all m € N* and ¢ > 0 we have

1 =1
= d
;fma") o ;fm,s(znfoo

In Section 2 we recall some definitions and easy facts. In Section 3 we prove a number
of technical lemmas. Section 4 is devoted to arbitrary random variables. In Section 5 we
prove our theorems about MDS. Finally, in Section 6 we verify Theorems 6.1 and 6.5, and
Corollary 6.3. Note that the proofs after Section 3 can be read independently of each other.

2. Preliminaries

Let {X,,},>1 be a sequence of random variables defined on the probability space (2, F,P).
It is a MDS if there is a filtration {F},},>0 such that Fy = {J, 2}, X,, is measurable with
respect to Fy, and E (X, | F,—;) = 0 for all n € NT. We may assume without loss
of generality that 7, = o(Xj,...,X,) is the o-algebra generated by X;,...,X, for all
n € NT. A random variable is called centred if E (X) = 0.

Let E C Randletf: E — R. We say that f is non-decreasing (or increasing) if for all
x,y € E,x < ywe have f(x) < f(y) (or f(x) < f(y)). We can similarly define the notions
non-increasing and decreasing, and if E = N7 then our definitions extend to sequences as
well. Let I(A) denote the indicator function of an event A. We use the notation a < b if
a < cb with some ¢ € R, where ¢ depends only on earlier fixed constants. The notation
ay = o(by) as n — oo means that lim,_, ~ a,/b, = 0. We need the following facts.

Fact2.1: Letf: [0,00) — R* beanon-decreasing function. Then the following statements
are equivalent:

1) Y02, 1/f(@2%) < oo for somec > 0,
(i) > o2, 1/f(e2°") < oo foralle,c > 0,
(iii) Y 02, 1/(nf(n%)) < oo for some c > 0,
(iv) > 02, 1/(nf(en)) < oo foralle,c > 0.

The equivalence (i) < (iii) above follows from the equiconvergence of the series
Y o anand Y o7, 2"ayn for any non-increasing, positive sequence {a,},>1. Easy com-
parison implies the equivalences (i) < (ii) and (iii) < (iv).
Fact2.2: Let {X,}n>1 be a sequence of random variables and let g, h: [0,00) — R be
non-decreasing functions such that

Then sup,,~; E (g(1Xn])) < oo implies that sup,,-.; E (h(|Xy])) < oco.

The concept of martingale and the following inequality are due to J.L. Doob, see e.g. [8,
Theorem 5.4.2].

Theorem 2.3 (Doob’s inequality): Let {X; : 1 < i < n} be a finite MDS and let p > 1.
Then for all t > 0 we have
E (1SnlP)

P(My =) < —
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3. Technical lemmas

Lemma 3.1:  Let {a,},>1 be a positive, non-increasing sequence such that

o0
E a, < oQ.
n=1

Then there is a non-increasing sequence {b,},>1 such that
(1) by, >ayforalln>1,
(2) limp—oo bu/by—1 =1,
(3) Y0l by < 0.

Proof: Fix a positive sequence {cx}x>1 such that ¢y /" 1. We can choose an increasing
sequence of positive integers {nx}x>1 such that for all k € N* we have

[e.¢]
D an <2751 = ) (3.1)
n=ny,
and
T < 27R 1 — gy (3.2)
We will construct b, recursively. Let b, = a, if n < n;. For every k € NT and

ng < n < ngy; define
b, = max{a,, ckb,_1}.

Then clearly (1) holds and b, < b, for all n < ny. Assume ny < n < nyy; for some k.
Then a, < a,—1 < b,—; and our definition imply that

by, = max{ay, ckbp—1} < max{b,_1,cxby_1} = by_1,

so by, is non-increasing.
Now we show (2). Assume that n > ny. Let n,, < n < ny,41 for some m > k. As the
sequence ¢k is monotone increasing, we have

ckbyn—1 < cmbp—1 < b, < by,

so ¢k < by/by,—1 < 1.Then ¢ /' 1yields (2).
Finally, we prove (3). For all n > n; define d,, = a, and for i > n + 1 recursively
define

dni = ckdpi—1 if ng <i < myg.

Let £ > n; be fixed. Let n = n(¢) be the largest integer such that n; < n < £ and b, = a,.
As b, = ay,, we obtain that n exists. Then by = d, ¢ by our definitions. As the map
£+ dy(p), is clearly one-to-one, we have

Db =YD dui (3.3)

nznp n=ny i=n
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Fix k,n € Nt such that n; < n < ngy. By definition
Mf42 Rgt1—n Mg+2—Nk+1
> dyi=ay Z A AR Y- (3.4)
i=n i=1

- 1 n 1 - 2a,
a .
T \l-a =) T -

For each j > 2 the definition of d,,; and (3.2) imply that

Mtjt1 j—1 Mhetj+17 Mkotj
N1 —N Mfetit1 —Mk+i 12
E dn,i = anCy Ck_,’_il ' E Chtj (3.5)
i=nk+j+1 i=1 (=1

M j =Mk -1 —k—j+1
<a, k+] - (1—ck+j) < q,27 "It

By (3.4) and (3.5) for all n > n; we obtain

Xym

Therefore (3.3), (3.6), and (3.1) imply that

o0

. 3a
+ay, Zz—k—f“ s (3.6)

T 1- T 1-
Ck+1 i—2 Ck+1

Thus (3) holds, and the proof is complete. O

Corollary 3.2: Letg: [0,00) — R be a non-decreasing function such that

X} g(Z”)

Then there is a non-decreasing function f : [0,00) — R such that
() X5 /72" <oo

(i) Lm0 f2"F)/f2") = 1,

(iii) limsup,_, . f(x)/g(x) < 1.

Proof: First we define f(2") for all n € NT. We apply Lemma 3.1 for the sequence
a, = 1/g(2"),let {b,},>1 be a sequence satistying properties (1)-(3) in Lemma 3.1. Define
f(2") = 1/b, for all n € NT. Then (i) holds by (3), and by (2) for all n we have

n+1
f@h L by

im = =1, (3.7)
n—oo  f(2") n—00 by

so (ii) is satisfied. Since b, is non-increasing, the sequence {f(2")},>1 is non-decreasing.
Let f: [0,00) — R be any non-decreasing function extending the sequence {f (2")},>1.
Clearly for all n € N* we have
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1 1
feh = b= =g(2"). (3.8)
n an

Thus monotonicity, (3.8), and (3.7) imply that for all n € N and 2" < x < 2"*! we have

f(x) <f(2n+1) <f(2n+1) o
gx) — g2mn T f@m)

as n — 00. The proof is complete. O
Lemma3.3: Letg: [0,00) — R be a non-decreasing function such that
oo

1
Z g@2m) =

n=1

Then there is a non-decreasing function f : [0,00) — R such that

1) D02, 1/f2" < oo,
(ii) 1imn—>oof(2n+1)/f(2n) =1,
(iii) limsup,, o f(x)/g(x) < 1,
(iv)  f has continuous second derivative on (0, 00),
) f(x)/f(x) =o0(1/x) as x — oo,
(i) f"(x)/f (x) = o(1/x*) as x — <.

Proof: By Corollary 3.2 we may assume that

2n+1
lim 8 ) =1.

3.9
n— 00 g(2") ( )

Let f(2") = g(2") for all n € N, then clearly (1) and (ii) hold. Each non-decreasing
function f: [0,00) — R extending the sequence {f (2")},>1 satisfies (iii). Indeed, mono-
tonicity, f(2"T!) = g(2"*1), and (3.9) imply that for every n € N and 2" < x < 2"*! we
have . .

f@ _feh _g@h

gy — g2 g@2m

as n — oo.
Letf(x) =f(2) for0 <x < 2,andletn € N be fixed. For 0 < x < 2" define

a(x) = gn(1 — cos 21 " x)),

and let us define

f@"+x)=f2" +/ ra(t) dt.
0
Then clearly
2"
F@) —f") = / () dt = 2"y,
0

SO

qn =27"(FQ"TH — FQ2"). (3.10)
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Since r,(x) > 0 for all n € NT and 0 < x < 2", the function f is non-decreasing. As
ra(0) = r,(2") = 0, we obtain that f is continuously differentiable such that f'(x) = 0 if
0 <x <2and /(2" + x) = ry(x) for all n € NT. It is easy to see that f”(2") = 0 for
all n € N1, so the formula of f’(x) implies that f” is continuously differentiable, thus (iv)
holds. Let n € Nt and 0 < x < 2". Then r,(x) < 2qy, (3.10), and (ii) yield that

[ +0 _ @ [T —fCY
f@Q"+x)  fQ@"+x) fQ@"+x)
4 fE™hH —f@m 1
24 f@m _0<2”—|—x>

as n — 00, hence (v) is satisfied. Let n € N* and 0 < x < 2". Clearly
()] < 272 (F ™ — f@2™),

so (ii) implies that

Q"+ |l _ 21,2,1]Tf(2”“) —f(2"
fQM4+x)  fQ"+x) 2"+ x)
8t fQ"H —f(2") ( 1 )
< =0
T Q2"+ x)? f@m " + x)?

as n — 00, so (vi) holds. The proof is complete. O
Corollary 3.4: Letg: [0,00) — R be a non-decreasing function such that

o]

1
Z 2" <00

n=1

Then there is a non-decreasing function f : [0,00) — R such that

) D 1/f(2") < oo,
(2) Lm0 f™H/fQ") =1,

) limsup, oo f()/g(x) <1,

) forallc > 0 thereis an R, > 0 such that the function h.(x) = x~°f (x) is decreasing
forx > R,
(5) forall0 < p < 1thereis a concave increasing function gy : [0,00) — R* and N, >0

such that gy(x) = xPf (x) for all x > N,

(6) forall q > 1 there is a convex increasing function g [0,00) — R and Ny > 0 such
that g, is affine on [0, Ng] and g,(x) = xf (x) for all x > N.

Proof: Let us choose a non-decreasing function f: [0,00) — R™ for which properties
(1)-(vi) of Lemma 3.3 hold. Then clearly f satisfies (1), (2), and (3). First we prove property
(4). By (v) of Lemma 3.3 we have

(%) = —cx™ () + x7f(x) = xS0 (— c+0(1) < 0

if x > R, with some constant R. > 0, which proves (4).
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Now we show (5). Let f,(x) = xPf (x), using (v) and (vi) of Lemma 3.3 we obtain that

160 = pp — VP72 (x) + 2p 71 f () + 221" (x) (3.11)
=2 f () (p(p— 1) +0(1)) < 0

if x > K, with some K, > 0. By (v) of Lemma 3.3 we obtain that

KO _p @+ @) P @@ o) _pto) 1
X

H® - W@ PF ) P (312)

andj;(x) > 0ifx > L, with some L, > 0. Let N, = max{K}, L,}. Define g,(x) = f,(x) if
x > Np and let g, be affine on [0, Nj,] with slope];f(Np) > 0. By (3.11) we have];f’(x) <0
for x > Np, s0 g is increasing and concave. We only need to show that g,(0) > 0. Indeed,
by (3.12) we obtain that

8(0) = f,(N;) = f(Np)N, > 0.

Thus (5) holds.
Finally, we prove (6). Let f;(x) = xf (x), similarly to (3.11) we obtain that

[ @) =x172f(x)(q(g — 1) + o(1)) >0

and fq/(x) > 0 if x > N; with some N; > 0. Choose 0 < g5 < fq’(Nq) such that
fa(Ng) — g4Ng > 0. Let gg(x) = fy(x) if x > N, and let g; be affine on [0, N,;] with
slope &4. Clearly g, is increasing and convex, so we only need to show that g,(0) > 0.
Indeed, we have

84(0) = f3(Ng) — &4N4 > 0.
Hence (6) holds, and the proof is complete. O
Lemma3.5: Letg: [0,00) — R be a non-decreasing function such that

o0

1
2 2 <

n=1

Then there is a non-decreasing function f : [0,00) — R such that
i) Y52, 1/f2" < os,
(ii) limn—>oof(2n+l)/f(2n) =1,
(iii) limsup,_, o f(x)/g(x) < oo,
(iv) h(x) = xf (x) is piecewise linear, increasing, and convex on [0, 00).

Proof: By Corollary 3.2 we may assume that

2n+1
lim & ) =1.

3.13
n— 00 g(2") ( )

Define a, = g(2") for all n € NT. Define the sequence {by},>1 for all n € NT such that
by = ay, by = ay, and forall n € Nt we recursively define
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bpiz = max {a,2, (3/2)byt1 — (1/2)by} . (3.14)
The definition clearly implies that for all n € N we have
2byas — 3bye1 + by, > 0. (3.15)

First we show that b, is non-decreasing. Indeed, b, > b; and assume by induction that
by+1 > b, for some n > 1, then b5 > (3/2)b, 1 — (1/2)b, > by,11. Now we prove that
for all n € Nt we have b

n

~ <. (3.16)
an

Fix an arbitrary integer m > 3 and let k be the largest integer such that 2 < k < m and
b = ak. As by = ay, we obtain that k exists. Let us define {c,},>0 such that co = by_,
c1 = by, and for all n € N let

cny2 = (3/2)cut1 — (1/2)cy.

Then clearly b,, = ¢;;—k+1. Solving the linear recursion for ¢, and using that 0 < ¢y < ¢;
we obtain for all n € N that

o —C

2n—1

cy, =2c1 — ¢+ < 2cy.
Thus by, = cp—k+1 < 2¢c1 = 2bx = 2ag. Therefore the monotonicity of the sequence

{an}n>1 implies that
b ax
— <2— <2, (3.17)
am am
so (3.16) holds.
Let us define f: [0,00) — R* as follows. Let f(2") = b, for all n € NT, and let

f(x)=f(2)if0 <x <2.1fn e Nt and 0 < x < 2" then let

X

2") = by, + 2(byes — by) ——.
flx+2") =b, +2(bppr b)x—i—Z”

Since {b,},>1 is non-decreasing, it is easy to see that f is non-decreasing and continuous.
Then b, > a,and Y 72, 1/a, < oo yield that (i) holds.

Let us define e, = b, 1/by, foralln € Nt and let E = lim SUp,,_, o €n. Clearly e, > 1
for all n, so it is enough to show for (ii) that E < 1. By b, > a1 and (3.13) we obtain

that 4 4 a
n+2 n+1 lim n+2 <1 (3.18)

lim sup < lim sup
n—o00 UOn+l n—o00 Op41 700 dytq

For all n € NT we have

3/2)b —(1/2)b 3 1
(3/2)bn1 (/)":———21. (3.19)
but1 2 2ey
Then (3.14), (3.18), and (3.19) yield that
. . 3 1 3 1 3 1
E =limsupeyy; <limsup|-—— |=-——F——= - — —. (3.20)
1 00 nsoo \2 2e, 2 2limsup,e, 2 2E
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Solving the above inequality implies that E < 1, so (ii) is satisfied.
Monotonicity, (3.17), and (3.13) imply that for all # € N* and 2" < z < 2"*! we have

f(Z) < f(2n+1) _ bn+1 < 2an+1 N
gz) = g2m a, ~  ay

as n — 09, so (iii) holds.
Finally, let us define h: [0,00) — [0, 00) as h(x) = xf(x). Then h(x) = byjxif 0 < x <
2,and forall n € Nt and 0 < x < 2" we have

h(x4+2") = (x +2")f(x +2") = 02" + 2byg1 — bp)x.

Clearly h is continuous and increasing. We obtain that / is affine on [0, 2] with slope
do := by, and for each n € N7 it is also affine on [2", 2"+ with slope d,, := 2b,,1.1 — by, s0
h is piecewise linear. In order to prove that / is convex, we need to prove that the sequence
{dy}n>0 is non-decreasing. Clearly d; > dj and by (3.15) for all n € N* we have

dn+l - dn = 2bn+2 - 3bn+1 + bn > 0.

Thus {d, },>0 is non-decreasing, so (iv) holds. The proof is complete. O
Lemma3.6: Letg: [0,00) — R be a non-decreasing function such that

o0

1
Z g@2m =

n=1

Let q > 1. Then there is a non-decreasing function f : [0,00) — R such that

M) Y52, 1/f2" <o,

(i) limuoofQMY/F2M = 1,

(iii) limsup,_, o f(x)/g(x) < oo,

(iv) there is an increasing convex function fy: [0,00) — R* and Ny > 0 such that f; is
affine on [0, Ng] and fy(x) = xf ({/x) for x > Ny.

Proof: Define g*: [0,00) — R as g*(x) = g(4/x). Clearly g* is a non-decreasing
function such that g*(x) < g(x) for x > 1. Fact 2.1 yields that ZZ; 1/g*(2") < oo.
Corollary 3.4 and Lemma 3.5 imply that there is a non-decreasing function f*: [0, 00) —
R* such that

(1) 2, 1/F @™ < oc,

(2) limy o0 ¥ /f*2") =1,

(3) limsup,_, . f*(x)/g*(x) < o0,

(4) there is an increasing convex function f;: [0, 00) — R* and N, > 0 such that fqis
affine on [0, Ny] andfq*(x) = x1f*(x) forall x > Nj.

Define f: [0,00) — RT as f(x) = f*(x?). By (1) we have

=1 =1 =1
2 5am = 2 pan < 2 ram <
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so (i) holds. By (2) we have

f(2n+1) ) f*(4n+1) . f*(zn-‘rl) ) f*(zn-‘rl) B
. F@n) | nobo fr(AM) | mooo fr(2mH) nboe fr2m)

thus (ii) is satisfied. The definitions and (3) yield that

* 2 *
hmsupf(—x) = lim sup f ) = lim sup f () <
X—00 ( ) x—oo & *(x 2) x—>oo g *(x)

so (iii) holds. Finally, define f;: [0, 00) — RT as fox) = fq* (x), then (4) yields that f; is an
increasing convex function which is affine on [0, N;] and for all x > N, we have

fo@) = () = 21" (x) = 2% (),

hence (iv) holds. The proof is complete. O

4. Sequences of arbitrary random variables
The main goal of this section is to prove Theorems 4.1 and 4.2.

Theorem 4.1: Let f: [0,00) — R be a non-decreasing function such that

o0

1
; Fom < 00

Let0 < r < 1andletr < p, and define ¢ = q(r,p) = max{p, (p —r)/(1 —r)}. Assume that
{Xu}u=1is a sequence of random variables with sup, - E (|1Xu|7f (|X4|)) < 00. Then for all
& >0 we have

[o.¢]

Z P72 P (M, > en'/") < 00.

n=1
Proof: Let ¢ > 0 be arbitrarily fixed. We may assume that X; > 0 for all i, otherwise we
can replace X; by |X;|. Thus M,, = S, for all n € N, First suppose that p < 1, then g = p.
We may assume by Corollary 3.4(5) and Fact 2.2 that there exists an N, > 0 and a concave
increasing function g, : [0,00) — R* such that g,(x) = x’f (x) for all x > N,,. By Fact 2.2
we have

supE gy(|1Xy|) = C < oo. (4.1)

n>1

As gp is concave with g,(0) = 0, it is subadditive. Fix an integer n9 > (N,/¢)". Markov’s
inequality, the fact that g, is increasing and subadditive, and (4.1) imply that for each & > 0
and n > ny we have
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P (M, > en'/") = P(|S,| > en'/")

=P (gp(ISul) > gp(en'/))

_ Eg(IS:D

= gp(snl/i‘)

_ Eg(Si)

- (8n1/’)1’f(8n1/r)

o iz Egp(Xi)

~ ePnP/"f(enl/r)
Cn

< -

~ ePnP/Tf (ent/7)

nl_P/r

S —.
~ f(enl/r)
Therefore by Fact 2.1 we have

1
- < ,
nf (en'/") o

Z nP/T2P (M, > ent/T) < Z

n=ngp n=ng

which completes the proof for p < 1.

Now assume that p > 1, then q = (p — r)/(1 — r) > 1. We may assume by
Corollary 3.4(6), Lemma 3.5, and Fact 2.2 that there is an N; >0 and an increasing
convex function g : [0, 00) — R such that 8q(x) = xf (x) forallx > Nj. By Fact 2.2 we
have

supE g,(|1Xy]) = C < oo. (4.2)

n>1

Fix an integer n; > (Ng/ g)"/(=") Markov’s inequality, the fact that gq is increasing and
Jensen’s inequality holds for the convex g;, and (4.2) imply that for each & > 0and n > n;
we have

P (M, >en'/"y =P (S| > en'/")

< P (gg(ISul/m) > gg(en'/"™1))

- ]qu(|sn|/”)

— gq(enl/rfl)

_ E g4(ISnl/n)

T eand(/r=Df (enl/r-1)

_ (1/m) 31 Egy(IXil)

— Sqnp/r—lf(snl/r—l)
C

<

- Sqnp/r—lf(gnl/r—l)

1-p/
<
Nf(enl/rfl)
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Thus the above inequality and Fact 2.1 yields that

1
Z nPIT2 P (M, > en'/T) < Z - < 0o0.

1/r—1
n=np n=mnp nf(8l’l )

This concludes the proof. O

Theorem 4.2: Let f: [0,00) — R be a non-decreasing function such that
>
f(zn)

Let0 <r<1<pandletq=q(r,p) = (p—r)/(1—r). Then there is a sequence of random
variables {Xy}u>1 such that sup,,_; E (|Xu|?f (|1Xu[)) < 00 and

x
D T2 P (S, > a7y = 00

n=1

Proof: Forall k € NT let
4k1—p/r)

f(41+k(1/r—1))'

Fix kg € N such that for all k > ko we have py < 1. Let X,, = 0 forall n < 4k Letk >k
be fixed, then for all m, n € {451, ..., 4K — 1} let X,, = X,,, and let

Pk =

P (X, =4Fk/r=Dy — o and P(X, =0) =1 — py.
Then sup,; E (|X,|%f (|Xn|)) = 47 < 00, and for all 2 - 4k=1 <y < 4% we have
P(ISu| > n'/") = P (41X, > 47) = P(X,, = 4Dy = py

The above inequality and Fact 2.1 imply that

an/f 2P (|S,] > n'/") > Z Z P2 P (1S,] > n'/h)

k>ko 2.4k=1<n<4k

= 30 @Ak,
k>k0

_ 2p/r—1
=2 Igf(zll-i-k(l/r 1)) =00
>

The proof is complete. O

5. Martingale difference sequences
5.1. Thecases1 <p<2andr=p =1

The main goal of this subsection is to prove Theorem 5.1.
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Theorem 5.1:  Let f: [0,00) — R™ be a non-decreasing function such that

Zf @ °

Let 1 < p<2and0 <r < porletr = p = 1. Let {Xy}n>1 be a MDS such that
sup,,~.1 E (IXuPf (I1Xu])) < 0. Then for all & > 0 we have

o
Z P2 P (M, > en'/") < .

n=1

Proof: Let ¢ > 0 be arbitrarily fixed and assume sup,.. , E (|X,,|’f (|X,])) = C < o0o. For all
k € Nt let -

Fe(t) =P (|1 Xk < 1)

be the cumulative distribution function of | Xi|. Defineg = (2—p)/r > 0andc = 2—p > 0.
By Corollary 3.4(4) and Fact 2.2 we may assume that there exists an R, > 0 such that the
function x > x~°f (x) is decreasing for x > R.. Foralln € N* and forallk € {1,...,n}
define

Yin = Xel (1Xe] < 07y — E CGI(IXk| < V") | Fr1)s
Zin = Xel(IXk| > nV7) — B (XL (1Xk| > ') | Fiy).

For all n € NT define
k
Sf = Y;, and M* = max |S] |,
e Xl: o " 1§k§n| kol
i=

k
= ZZ,',,, and M;* = mkax |-
1<
i=1

Clearly for all n € N* and 1 < k < n we have
E (Yin | Fr—1) = E(Zin | Fr-1) =0, (5.1)
s0 {8 ,}1<k<n and {S7) }1<k<n are martingales. For all n € Nt and 1 < k < nwe have
Sk = St + Sk

so for all n € NT we have
M, <M} + M}*. (5.2)
By (5.1) we have E (Yy,Y,,) = Oforall 1 < k < £ < n, so applying Doob’s in-

equality for the martingale {SZ’n}likfn and the identity E (X — E (X | F))? = E(X?) —
E(E (X |F))? < E (X?) implies that
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1 _
P> en'l") < 2 TE((S;,)7)
1 n
-2 2
= n YRR
k=1

1 —2/r . 2 1/r
" ;E(kaxusn ).

IA

Therefore

o0 o0 n
Z nP/T2 P (M > en'/T) < Z nP/T=2/r=2 Z]E (XFI(1Xk| < n'/7))
n=1 n=1 k=1

e n 00
- Z n1-2 Z/ £21(t < n'/"y) dF(b)
n=1 k=19

ZZ /0 Ooﬂ Z n~ 972 dF(t)
k=1

n>max{k,t"}

o 00
<> / t*(max{k,t"}) 971 dF(t)
k=10
o0
= (Ax+ B + Co),
k=1
where

R, KUr 00
Ay = f 2k~ 1"V dFi (1), By = / 2k~ 17V dF (1), C = / 77 dF(1).
0 R, k/r

Clearly
o0 (o.¢]
ZAk < ZRfk—q—l < 00. (5.3)
k=1 k=1

Let k > R!. Using that x~f (x) is non-increasing if x > R, and x"f (x) is non-decreasing,
we obtain that

10 > e @

—g—1 2 —-r

B, +Cr <k q /I;C t —k(P—Z)/’f(kl/’) dFi(t) + /kl/r t kf(kl/r)
E(Xif(Xi) _ C

1 00
- P
= kf(kl/r) /R;c tf(t) dFe(t) < kf(kl/r) = kf(kl/r)

dFi(t)

By Fact 2.2 we have Ay + Bx + Cx < E (|X|P™") < oo for all k, so the above inequality
with (5.3) and Fact 2.1 imply that

00 o.¢]
Z nP/T2 P (MF > en'/T) < Z (A + B + Ci) < 0. (5.4)
n=1 k=1
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Applying Doob’s inequality for the martingale {S; }1<x<n. the triangle inequality, Jensen’s
inequality (for the conditional expectation as well), and the law of total expectation in this
order implies that

P(M;* > en'/") Sn”VTE(SED

n
<n V" E(1Zka))

k=1

n
<207 R Xkl I(Xk| > 1))

k=1
n

<2y E (1 Xkl Xk P~ f (X DI (1Xk| > n'/7))
= n(p—l)/rf(nl/r)

k=1
n_P/f n
E (| Xk|Pf(1X
f(nl/,)g (1XklPf (1Xk D)
nl—p/r

<2

The above inequality and Fact 2.1 yield that

o o 1
PIT2 R (M > ent/)y <Y ———— < 00, 5.5
;n (M > en >N;nf(nl/,) (5.5)

Finally, (5.2), (5.4), and (5.5) imply that

o0 o0
S PP My > en'lTy < TP (M > (2/2)n'7)

n=1 n=1

o0
+ ) 2P (M > (e/2)n"7) < oo

n=1

The proof is complete. O

5.2. Thecasep > 2

The goal of the subsection is to prove Theorems 5.2 and 5.4.

Theorem 5.2: Letf: [0,00) — R be a non-decreasing function such that

=1
;fa") =



STOCHASTICS (&) 495

LetO<r<2<pandletq=q(r,p) =2(p —r)/(2 —r). Let {Xp}n>1 be a MDS such that
sup,,~ E (IXu|9f (1Xul)) < 00. Then for all & > 0 we have

[e.e]
an/r_zP(M,, > en'/") < o0,

n=1

Before proving the above theorem we need the next inequality due to Burkholder, Davis,
and Gundy, see [4, Theorem 1.1] or [3, Theorem 15.1].

Theorem 5.3 (Burkholder-Davis-Gundy Inequality): Let g: [0,00) — [0,00) be a
convex function such that g(0) = 0 and there is a constant ¢ € R™ such that

g(2x) < cg(x) forallx >0. (5.6)

Then there exists a constant C € RT depending only on ¢ such that for every MDS {X;}i>1
foralln € NT we have

Eg(M,) < CIEg( X12+-~+X,3).

Proof of Theorem 5.2: Lete > 0be arbitrarily fixed. As g > 2,by Lemma 3.6 and Fact 2.2
we may assume that
2n+1
lim A ) =1
n— 00 f(Z”)

(5.7)

and there is an increasing convex function f;5: [0,00) — [0,00) and N,a € R such
that f;/2(0) = 0 and f;> is linear on [0, N], and for all x > N we have

fo2(x) = x1*f (Vx) — a.

Define g;: [0,00) — [0,00) as g;(x) = fq/z(xz). Since g4 is a composition of convex
increasing functions, it is increasing and convex. We also have g;,(0) = 0, moreover
g(x) = bx? for x € [0, +/N] with some constant b > 0, and for x > N we have

&%) = xIf (x) — a.

Fact 2.2 yields that
sup E g, (|1Xy|) = K < oo. (5.8)

n>1

Let hy: (0,00) — R be defined as

As gy(x) > 0 for all x > 0, the function h, is well defined, and the continuity of g, implies
that h, is continuous, too. Since g;(x) = bx? for x € [0,+/N], we have hg(x) = 4 for
x € (0,~/N /2). By (5.7) we obtain that lim sup, _, ., hg(x) < 00, so the continuity of h,
implies that h, is bounded. Therefore g, satisfies the growth condition (5.6).
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Let us choose K € R such that sqf(snl/r_l/z) > 2a for each n > K. Define
2r/(2—r)
L = max {K, <«/ﬁ/€) }

Applying that g, is increasing, Markov’s inequality, Theorem 5.3 for g; and the finite
martingale {S;/+/n}1<i<n, Jensen’s inequality for fq/2> and (5.8) implies that for all n > L
we have

P (M, > en'/") = P (g,(My//n) > gg(en'/""1/%))
- ]qu(Mn/ﬁ)

gq(enl/r—l/Z)

)

gq(snl/’*l/z)
_ CE (fg2 ((/m) 351, X7))
- gq(gnl/ffl/z)
_ C/m X B fyp(XD)
= gq(gnl/r—l/Z)
C1/m 3 il Egq(1Xi])
gq(gnl/r—l/Z)
- CK
- Eqnq(l/r—l/Z)f(snl/r—l/Z) —a
2CKe dnl—p/r
= f(enl/ffl/z)
1—p/r
< T
Nf(gnl/r—l/Z)

Therefore the above inequality and Fact 2.1 imply that

p/r—2 1/ry <
Zn P(M, >en’") < an(enl/r 72 < 00.

n>L

The proof is complete. 0
Theorem 5.4: Let f: [0,00) — R be a non-decreasing function such that

=1
;f(z'w N

Let0 <r<2<pandletq=q(r,p) =2(p —1)/(2 — r). Then there is a MDS {Xp}n>1
such that sup, o1 E (|Xn|9f (IXn])) < 00 and

o0
an/f—ZP(|Sn| >nt/") = 0o

n=1
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Proof: Let{Yy, Zk},k>1 be independent random variables such that for all n € Nt we have
1
P(Y,=1)=P(Y,=-1) = 7

Forall k € Nt let
4k(1—p/r)

Pr = f(4k/r=1/2))"
Fix ko > 2 such that for all k > ko we have p; < 1. We define Z; = 0if k < k¢ and for
k > ko let
P (Z = 4XV/r=V2y —pi and P (Zx =0) =1 — py.

For all k € Nt and 45~! < n < 4F let us define X,, = Y, Z. Clearly we have Sup,>
E (1X,|9f (1X,]) = 1. Assume that X;: & — R are random variables on the probability
space (2, F,P). Let Fy = {4, 2} and let 7, = o(Xy,...,X,) for all n € N*. We show
that {X,},>1 is a MDS with respect to the natural filtration {F,},>1. Fix n,k € NT with
451 < 4y < 4% Indeed, as Y,, is independentof {Z,, ..., Z, Y1,... Y,_1}, itisindependent
of o (Zy, Fn—1), so a property of conditional expectation implies that for all n € N* we
have

E(Xn I Fn—l) = E(Ynzk | fn—l) = E(Yn)E(Zk |}-n—1) =0,

0 {Xy}n>1 is really a MDS. By the central limit theorem there is an absolute constant ¢ > 0
such that for all k > ky and 2 - 4k=1 < 5 < 4% we have

P(Ypor+4Y, =20 =P Yy 4+ Y, < =25 >c (5.9)
We will prove that for all fixed k > kg and 2 - 45~ < n < 4K we have
P (IS,| > n'/") > cpy. (5.10)

Let us use the notation S = S;c—1_; and fix an arbitrary x € R with P (S = x) > 0. By the
law of total probability in order to prove (5.10) it is enough to show that

P (ISy] > n'/"|S = x) > cpy. (5.11)

As 4K/7 > nl/7 | either x 4+ 4K/7 > nl/7 or x — 4K/7 < —n'/". We may assume by symmetry
that x + 45" > n'/7 Tt is clear from the definition that S and S,, — S are independent, and
the independence of Z; and {Yyk-1,. .., Yy}, and (5.9) yield that

P (S, > n'/7|S =x) > P(S, — S > 457 | S = x)
=P (S, — S > 45"
>P (Y1 + -+ Y, > 2K, 7 = 4F1/r=1/2)
=PYg+--+Y,> 2k)IP’(Zk _ 4k(1/r—1/2))

= Pk

This implies (5.11), so (5.10) holds. Inequality (5.10) and Fact 2.1 yield that
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an/f SR = W W A (M

k>ko 2.4k—1<p<4k

2 Z (2 . 4k 1)(4(k71)(p/r)472k)cpk
k>k0

_ 2p/r—1
=c2" Zf(4k(1/r 72y

The proofis complete. U

6. Independent, negatively associated, and pairwise NQD random variables

The main goal of this section is to prove Theorems 6.1 and 6.5.
Theorem 6.1:  Let f: [0,00) — R be a non-decreasing function such that

Z:f @ °

Let 0 < r < 2 < pand let {X,}u>1 be a sequence of negatively associated, centred random
variables such that sup, .| E (| X, [Pf(|X4])) < 0. For all ¢ > 0 we have

[e.e]
an/r_ZP(Mn > en'/") < 0.

n=1
First we need the following inequality of Shao [23, Theorem 3].

Theorem 6.2 (Shao): Let {X; : 1 < i < n} be a centred, negatively associated
sequence of random variables with finite second moments. Let M, = max)<x<p |Sk| and
B, = Z?:l E (XZ-Z). Then forall x >0,a >0, and 0 < o < 1 we have

PM, > x) <2IP’<max | X >a>

+ 2 X 1 1+ ax
xp| ——— .
l—ae P 2(ax + By) °8 B,

Proof of Theorem 6.1: Fix ¢ > 0. By Fact 2.2 we have sup,- E (Xﬁ) = C < oo. Thus
B,=>" E(X}) < Cnforalln LetN = 8p/(2 — r). Applying Theorem 6.2 for n € NT,
x =¢en'/",a = x/N, and @ = 1/2 we obtain that

P (M, > en'’") < a, + by, (6.1)
where

a, =2P <1max IXi| > snl/r/N>
<i<n

) 82n2/r 21 82n2/r
=4 — 14— 1 .
" eXp( 4(e2n2/" /N + Cn) ( *3 Og( *Nen )))
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Let ¢ = ¢/N, by Markov’s inequality we have

n
ay <2) P(IXi| > en''")

i=1

<2 PUXIPF(Xi) = PP Tf (en'/7))
i=1

E (IXi[Pf (IXiD)
<2 ; Cpnp/rf(cnl/r)

1—p/r
L
~ f(Ci’ll/r)

thus Fact 2.1 implies that

00 00 1
nPl"2q, < — < 00. 6.2
; n o~ ; I’lf(CI’ll/r) ( )

Since 2/r > 1, easy calculation shows that

N (2
b, = 4exp ((——6 (— — 1) + 0(1)) logn) asn — 00,
r

so for all large enough n we have

b, < exp(— (N/8)(2/r — 1)logn) = n NEN/G) — y=p/r,

Therefore ~
> nl b, < oo, (6.3)
n=1

Clearly (6.1), (6.2), and (6.3) complete the proof. O

Corollary 6.3: Letf: [0,00) — R be a non-decreasing function such that

1
;f(zﬂ) < 00

Let0 <r<1<p,andlet {X,}n>1 be a sequence of

(1)  pairwise NQD random variables if 1 < p < 2,
(2) negatively associated random variables if p > 2.

Assume that sup, .. E (|XuPf (1Xy|)) < 0. Then for all & > 0 we have

x
an/r_z}P’(Mn > en'/") < o0.

n=1

Proof: Fix ¢ > 0 arbitrarily. We may assume that X,, > 0 almost surely for all n, otherwise
we replace X, by |Xy|. Thus M, = S,,. Fact 2.2 and p > 1 imply sup,,..; E (X)) = K < o0.
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For all n € NT define
Y, = X, — E (X,).

Clearly if {X,}4>1 is pairwise NQD/negatively associated then {Y,},>; is also pairwise
NQD/negatively associated. As |Y,| < max{K,X,}, the monotonicity of the function
x +> xPf(x) implies that almost surely for all n € N™ we have

1YalPf(1Yu]) < KPF(K) + Xof (Xn),

SO
sup E (|Y,[Pf (| Ya)) < KPf(K) + sup E (Xhf (X,,)) < o0.

n>1 n>1

Define T, = Y I, Y;. Forall n > (2K /&)"/!=") we have

P (M, >en'/"y =P (S, > en'/") (6.4)
<P(T, > en'/" — Kn)
<P (T, > (e/2)n"/")
<P (Tul > (e/2)n"").

Applying Theorem 1.15(i) if p = 1, Theorem 1.16 if 1 < p < 2, and Theorem 6.1 if p > 2
for {Y,},>1 yields that

o0
Z nPl" 2P (|T,| > (8/2)n"") < o0,

n=1
so (6.4) finishes the proof. O

The following lemma is due to Nash [22], which gives a necessary and sufficient
condition for P (lim sup,,_, ., A,) = 1 in terms of conditional probabilities.

Lemma 6.4 (Nash): Let {A,},>1 be events and define H C {0, I}NJr such that

H = {(a1,a2,...) : an = 1only for finitely many n
and P(I(A1) = a1,...,1(Ay) = o) > 0 for all n}.

Then P (limsup,_, . Ay) = 1 ifand only if for all (o1, 002, ... ) € H we have
o
D P Al I(A) = a1, I(An1) = @) = 0.
n=2

The construction in the following theorem dates back to Chung [6, Theorem 2], but our
proof is more involved.

Theorem 6.5: Let f: [0,00) — R be a non-decreasing function such that

1
;fa") -
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Let 0 < r < 2 and let p > r. Then there exists a sequence of independent, centred random
variables {Xy}u>1 such that sup,_; E (|X,, Pf(1Xn])) < 0o and

o0
an/f—ZP(|sn| >nt/") = 0o

n=1
Moreover, if r = p then limsup,_, . n~/PS, > 1 almost surely.

Proof: Forall k € NT let
4—kp/r

f(4k/r)'
Since 4 K/ < 47k for ¢ = exp (— 3/f(41/r)) we can fix kg € NT such that for all k > kg
we have py < 1/2and

Pk =

(1—2p0% > c. (6.5)

We define a sequence of independent random variables {X, },>; as follows. Let X, = 0
for all n < 4% If 45=1 < n < 4* for some integer k > ko then let

P(X,=4"")=PX,=—4"")=p, and P(X,=0)=1—2p.

Then {Xy}n>1 is a sequence of independent, centred random variables such that sup, .,
E (IXnlPf (|X4])) = 2. Fixk > kg and 2 - 4k=1 <y < 4k We will prove that

P (1S,| > n'/") > cak~1py. (6.6)

Let us use the notation S = S, _ 4«1 and fix an arbitrary x € R with P (S = x) > 0. By the
law of total probability in order to prove (6.6) it is enough to show that

P (ISp] > n'/7|S = x) > ca*1py. (6.7)

As 457 > nl/7, we have either x 4 4%/7 > n!/" or x — 4K/" < —n!/". By symmetry we may
assume that x + 4%/7 > n!/7_ Thus the independence of S and S, — S, and (6.5) yield that
P(IS;| > 0" [S=x) = P(S, = S=4""|S=x) =P (S, — § = 4¥/")
> 45 1pe(1 - 2pp T = cedb

where only the sequences with 4~ — 1 zeros were taken into account. This implies (6.7),
hence (6.6) holds. Inequality (6.6) and Fact 2.1 yield that

an/’ 2P (IS, > nt/y > Z Z nPl" 2P (IS,] > n'/)

k>ko 2.4k=1<n<4k

k>k0

— /3 Zf(4k/r)

k>ko
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This proves the first claim.
Now assume that p = r. For all k € N let us define the event

Ap = {Sy_, = 4k/Py,
Fix arbitrary k > ko and (g, ..., o—1) € {0, l}k_1 such that
PI(A) =ay,...,1(Ak—1) = ag—1) > 0.

Repeating the argument of the proof of (6.7) for fixed values of X1, ..., X-1_; and using
the law of total probability for conditional probabilities we obtain that

P (A [ 1(A) = a1, . I(Agy) = ap_1) = 3 - 45 Lpp(1 — 2p) >4 (6.8)
1
k—1 >
>3c4" pr 2 f(4k/P) .

Fact 2.1 implies that Zk>k0 1/f(4k/p) = 00, so (6.8) and Lemma 6.4 yield that
P (limsup,_, ., Ax) = 1. Thus limsup, . #~ /S, > 1 almost surely. The proof is
complete. O
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