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ON THE ROSENTHAL INEQUALITY FOR MIXING FIELDS

I. Fazekas,! A.G. Kukush,?2 and T. Témacs 3 UDC 519.21

A proof of the Rosenthal inequality for o-mixing random fields is given. The statements and proofs are
modifications of the corresponding results obtained by Doukhan and Utev.

1. Introduction and Results

The Rosenthal inequalities are important tools to prove the consistency of certain estimators for weakly depend-
ent random processes and fields (see, e.g., [1]). The first version of such inequalities was proved by Rosenthal [2]
for independent random variables. The Rosenthal inequalities for mixing sequences were obtained by Utev [3] and
for mixing fields by Doukhan [4]. However, Doukhan noted that the proof of the interpolation lemma in [3] is “not
clear” (see [4, p.27]). Actually, the first inequality in the expression preceding (4.4) in [3] seems to be not valid.
Therefore, one cannot use Lemma 4.1 from [3], and, thus, the extension of the Rosenthal inequality from positive
even integer exponents to arbitrary positive real exponents is an open problem. On the other hand, Doukhan [4]
presented the Rosenthal inequalities for o.-mixing and ¢-mixing fields. However, in the opinion of the authors of
the present paper, there is a gap in the proof of Theorem 1 in [4, p. 29].

The aim of the present paper is to give a version of the Rosenthal inequality for o -mixing fields. The results
and proofs presented here are slight modifications of the corresponding results presented in [4] and [3]. The authors
want to summarize what is clear in the abovementioned papers concerning the topic. Similar considerations can be

made in the @-mixing case (see also Remark 4 in {4, p. 32]).
Let (Q, ¥, P) be a probability space. Random variables are supposed to be defined on (Q, F,P) Let 4

and B be two o¢-algebras in F. The o -mixing coefficient is defined as follows:
a(A,8B) = sup {|P(A)PB) - PAB)|: Ac 4, Be B}.
The covariance inequality in the o.-mixing case is the following (see, e.g., [4, p.9]):

|cov(X, Y)I <8 [G(O'(X),G(Y))]”r"X"p"Y"q’

r,p,qg=21, %+

Let I be the set of integer lattice points in Rd, d 2 1. The space R’ will be considered with the maximum

norm and the distance generated by this norm. Let {Y,: €I} be aset of random variables. The o -mixing coef-
ficientof Y is
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ay(", u,U) = sup{(x(_‘}’,l,_‘}'lz): distance(ll,lz) 2> r, Card(ll) < u, Card(Iz) < U},

where I; and I, are finite subsetsin I and ¥; = o{¥;: tel;}, i=1,2.
Let T be a finite setin /. We introduce the following notation:

Lw,e, 1) = 3, E[GFMD = F (gL,

teT teT
L(h,0,T) if O<h<l, €20,
D(h,e,T) = { L(h,eT) if 1<h<2, €20,

max {L(h, &, T),[L(2,& T)]"?} if 2<h, £20.

Let s, and b, denote the number of points of I in a sphere with radius r and center in / and in a ball with

radius r and center in I, respectively: s, = card ({¢: ||t[| = 7} N1I) and b, = card ({z: ||z[| < r} NI). Let

@ = 8ul(h-u—-DIh-1Y, [oy (r,u, h— )] #5572

u,h—u
r=1

The following theorem is a version of Theorem 1 in [4, p. 26]. The assumptions here are stronger than those in
[4]. The explicit formulas for the constants are given.

Theorem 1. Let [>1 and € >0. Let Y,, t € I, be centered random variables with IE|Y,|I+'c~ <o, tel.
Let h be the smallest even integer with h > 1. Assume that c,(ﬁl)_u < oo for u=1,...,h—1. Then there exists

aconstant Ky such that

1

E < K(gyDU. €, T) (1)

R4

teT

for any finite subset T of 1.

Remark 1. K, does not depend on T but it depends on the mixing coefficients and [, namely, XK, =

H®C,, where

h-1 h-2 h
HO =1+ 39, + ¥ (4 HOHS,,
u=1 u=2

Cl = 2(h—l+£)(2h+21— 1)/e.

here, we assume that 0 <€<[/2. If / is an even integer, then one can set C;= 1.

Remark 2. Inequality (1) is always satisfied for 0 </< 1 if we replace K4 by 1.



ON THE ROSENTHAL INEQUALITY FOR MIXING FIELDS 307

Remark 3. The above result is valid in the following, slightly more general, setting: If I is a regular pattern
in R then s, should bereplacedby 5, = card ({¢: r—1 < llz]l < r}N 1), ie. 5 denotes the number of

points of I in a ring with radius r, thickness 1, and centerin /.
Remark 4. For the case d =1, i.e., for mixing sequences, see [4, p. 26].
2. Auxiliary Results and Interpolation Lemma

Lemma 1. Let L be a finite subset in a metric space (M, p). Suppose that the minimal distance of two
nonempty complementary subsets of L is r. Then one can choose two nonempty complementary subsets A and

B in L such that the distance between A and B is r and there exists a connected graph with edges not
longer than r and with the set of vertices A; the same is true for B.

Proof. Let s,te Uc L. Wesay that s is r-connected with ¢ in U if there exists a connected graph with
edges not longer than r and with vertices in U and, moreover, s and ¢ are vertices of this graph. Let S; and $,
be two nonempty complementary subsets of L such that p(S),S,) = r. Consider points ¢, € S and #, € S, such
that p(t;,t,) = r. Let Sl-(l) c §; be the set of points r-connected with ¢; in S;, i=1,2. We have

p({sP USSP - MU, - = r.

But r is the maximal distance between the subsets of L and, therefore, either the second subset is empty or the
distance is r. In the first case, we are done. In the second case, let 5‘1(1) c 5 -S" be the set of points r-con-
nected with Sg) in (S - Sl(l)) U SS) . The definition of 3‘2(1) is similar. Obviously, 5‘1(1) U 5'2(1) # . We now
consider (S; ~$) U SV and (S, - SVYU SV, The distance between these two sets is r. Moreover, in these
sets, the number of points r-connected with #; in (§; — 51(1)) U 52(1) or the number of points r-connected with 7,

in (S, - 5'2(1)) U 3‘1(1) is greater than at the starting situation. Repeating the above procedure, we obtain the required
result.

The following lemma is a version of Lemma 2 in [4, p. 29], where it was stated for even integer (a + b) such
that (a+b) = 2.

Lemma2. If §20, a=2, and b=2 are real numbers, then
D(a,8, TYD(b,8,T) < D(a+b,d,T).
The proof will be based on the Holder inequality:

I. Let X and Y be real random variables. If p>1 and ¢ = p/(p - 1), then
E|xy| < Ix[,I7]l, @

2. If g;,b;e R (i=1,...,n), p>1, and ¢ = p/(p-1), then

l/q

n n Vp /o
;|aibi|s(;|ai|P) (;|b,.|q) X (3)
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Proof. We set

Then
L

Thus, we get
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L, =L(v,37T),

D,

D(v,9,T),
X, = Y,L;”2 for teT,
L= 2 I%.s
teT

&

D, = L,v()'? if v22,

c=a+b.

= T (EEL) <

teT

D: = sz/ZvaLz—v/2L§/2 - LZ—V/ZDv for v>2,

and

By using (5), we obtain

*

Dy

Ay
[

= LvE)?=Lvl for v22.

Forany a=2 and b2 2, this equality yields

DD, = LL,vL VLVl

(a) First, we assume that a > 2. We set

= (c+d)(a-2)

and v = (2+8)(c-a)-

c—2 c-2
Then u+v = a+ 9 and, hence, using (2) with p = c+d and g = z+—8 we obtain
u v

]EIXtIa+5 = E|Xt|u+v < l“thu“

This inequality yields

(c+6)/u|“X' |v "(2+5)/v )

Q)

&)

(6)

Q)
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L, < Z,T %1175 lXt"§s+8 ) ®)
te

where

ua av

T c@+d) T 20a+9)

Since 0<r<a/c<1, byusing (3) with p=1/r and g = 1/(1 - r) we obtain from (8) that L, < (L;)"A!™",
where

A= Y lIxlE"

teT

Since s/(1-r) 2 1, it follows from (5) that A< 1 and, therefore, L, < (L;)". Hence, if L, > 1, then L, > 1.

Therefore, since 0 < r < a/c < 1, we get

L)' s @)Y < if LLx>1. ©)
(a’) We now concentrate on the case where a >2 and b > 2. Then relation (9) is valid for b, namely,

L <@ < it I>1. (10)

(4

These inequalities yield LZ L’; < Li Vv 1. Therefore, using (7), (9), (10), and (6), we obtain

DD, < (LLvD)VL VI = L[Vl = D.
Hence, using (4), we get the required statement.
(b) Wé now assume that a = b= 2. Then, by using (7), (5), and (6), we get
DDy = 1< 1vI, = Dj.

Hence, using (4), we obtain the required statement.

(¢) If a>2 and b =2, then relations (5), (6), and (9) yield

D,D, = D, < D;

a c*

Hence, using (4), we obtain the required statement.
(d) Finally, if #>2 and a =2, then the proof is the same as in case (c).
This completes the proof of Lemma 2.

The interpolation lemma presented below is a version of Lemma 4.4 in [3] and Lemma 1 in [4, p. 27].
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Let B be a separable Banach space withnorm || ||. Let F = {¥,, ..., F,} be a family of sub-c-algebras of
the c-algebra ¥ andlet N = {Nny,..., N, be a family of centered random variables. The family 7 is called
(F, B)-adapted if n; is B-valued and ¥-measurable. We shall use the following notation:

n v/I(v+8) n
M(v,8,m) = ;(Ellnill”s) = Z',lllnillt+ss
M(v,d,m) if 1Sv<2,

98’ =
e {M(v,&n)VMV’Z(z,a,n) if v>2,

where av b = max {a,b}. I{A} denotes the indicator function of the set A.

Lemma 3. Assume that, for some fixed real constants v>1, 6 >0, and ¢ 21, any (F, B)-adapted cen-
tered family N = {My,...,M,} satisfies the inequality

v

E < cQ(v,d,1). (11)

;ﬂi

Weset tg = 1V (vV/2)V (v ~098). Then, for any t with ty < t < v and any (F, B)-adapted centered family
¢=1{9y,...,9,), we have

t

E < c2¥710(1, 8, ).

n
;‘Pi

Note that ¢ 21 is a consequence of the other assumptions. In order to prove the lemma, we require the follow-
ing known inequalities:

1. C,-inequality. If x,ye B and p 21, then
e+ 3117 < 277 (=l + 11 1P)s (12)
if 0<p<1, then
llx+x117 < =17 + 151" (13)
2. Let X be a B-valued random variable. If p 2 1, then
(E Ix|)? < E(Jx]") (14)
and
E|X - EX|P < 2°E || X]J". a15)

If 0<p<1, then
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(E |IXID? = E ||x]|”
and
E|lXx - EX|} < 2(E ||X]))%

where E X is the Bochner integral.

3. If X isa B-valued random variable and 0 < g <p, then

X1l < N1,

where || X, = (E ||IX]|D "%

4. If ;e R (i=1,...,n) and p21, then

p

n n
3 lal? < (z |a,-|)
i=1 i=1

311

(16)

a7)

(18)

(19)

Proof of Lemma 3. Let ¢ = {@,,...,@,} be a centered (F, B)-adapted family of random variables and let

o< t<v be afixed constant. We set
0 = 0(,9, ¢),

1
y=0",

~
It

=0 1{|le:fl v} i=1...n,

h<
Il

=0 {|le;l] >y}, i=L...n,

nlzyl‘EYl’ i=1,...,n,

n-= {nl""’nn}’

WI=TI_E7;’ i=1,...,n,

Vo= AW Wl

& = z(In:)” - E JnfI""Y),  where ze B, ||z]| =1, i=1,...

&= {1 .80

Then n; + y; = ¢, and =1 and, hence, relation (12) yields
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n t n t n t
E 21<p,. < 2"‘{19: ¥ E|Y v ] (20)
i= i=1 i=1
Since 6 <1 and v 21, relations (13) and (12) yield
n t n t/vyY
E|Yn| =E[|Xn ]
i=1 i=1
4 wY . / / . w)
< eS| - £ F dnt - s+ S e
i=1 =1 i=
n v
<2 (e$ e o5 i) )
=
We set

V=cQ(,5¢& ad W= (2 E||n,.||”v) .

i=1

Since & is centered and (F, B)-adapted, the last inequality and (11) yield

<2V N vew). (21

Since v is centered and (F, B)-adapted and v/¢ = 1, by using (14) and (11) we get

n ¢ v/
ElY v S[E . ) <U, (22)
i=1
where U = (c Q(v, 8, y))"". Then (20), (21), and (22) yield
n t
E|Y o <27'U+ 2™y 42w 23)
i=1

We thus have to estimate the terms U, V, and W.

(U) Weset u =v(t+08)/t(v+9d). Then u>1 and, furthermore, v+8 > 1. Hence, relations (15) and (14)
yield

E"Wi"v+8 < 2v+6E"Ti"v+8 < 2v+8(E" Ti"u(v+8))1/u.
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Thus,

v/(v+d) =Y (E||T,.||“(V+5))V/“(V+8). (24)

i=1

n
M(v, S, y) < 2 (2V+5(E”T;"u(v+8))l/u)
i=1

We have

I{ Il(pl" < y}” (pillu(v+8)_(t+8) < yu(v+5)—(t+8)

because u(v+98) — (1+9) = 0. Hence,

E " Ti "u(v+5) - E ( " q)i"t+§l{ "‘Pz” < }’}" (pi"u(v+5)—(t+8)) < Q(t+8)(v/t—l)/t]E "(Pi"HS-

Using this inequality and (24), we get

M(v,8,y) <2V 0" "M+, 8,9) < 20" (25)

(a) Assume that v <2. Then relation (25) yields

OV, 8, ) = M(v,8,y) < 2"0"".
(b) If r<2<v, then relation (25) yields

M8,y < (22070 = 270"

whence

M, 8,y) <2V 0"",

v, 0, ¥) = max
Q( \u {MV/Z(z, 6’ W) S 2VQV/t-

(¢) Assume that 2 < ¢. Then, by virtue of (15) and the inequality || T;|| < || ¢;||. we have

n

M(2,8,y) = z (E"Tl _ lET,.||2+5)2/(2+5) <4 2

n
i=1 i=1

(E”7;'|'2+8)2/(2+8) < 4M(2,8,09) < 4Q2/’_

This inequality and (25) yield

Mv,8 ) <2V,

Q(v,9d,y) = max
v {Mv/z(z’ 5, ‘V) < (4Q2/t)v/2 = 2va/t.

Cases (a), (b), and (c) imply that

o(v,d,y)<2"0""
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for every 1 <t<v, whence

t/v

U< (szQv/t) = Vct/VZIQ-
(V) Inequality (15) yields
E|lE )" = Efjn|I" - EIIT\,-II"”|V+6 < 2V [|n, OO

This inequality, (18), (15), and || Y; || < [|¢;]| yield

n
2 3 Inllss
=

n
M(v,8,8) < 2" 2 |nt"t(v+8)/v
i=1

n

IA

i=1

(a) Assume that v<2. Then (28) yields

Q(v,8,8) = M(v,8,8) < 2""Q.

(b) Assume that t<2 <v. By virtue of (27) and (15), we have
M2 S g) i E"n It(2+8)/v)2/(2+8) < 4l+t/V z (E"Y"t(2+8)IV)2/(2+8)
» YV f)

where we have used the fact that ¢ = v/2. We now have
2+8)/v—(t+d8 N
1{ || @il > y}[|@:[|f @¥VY-0+8) < yr@+IV-(148)

because #(2+8)/v — (t++9) < 0. Therefore, relation (29) yields

“ 2(t+8)/1(2+8
M(2,8,§) < 4l+t/V Q2((2+8)/v—(r+8)/t)/(2+8 z ((E"(P, |t+8)t/(t+8)) (t+8)/1(2+ ).

Hence, by using (19), we get

M(2, 5, g) < 41+t/v Q2((2+8)/v—(z+8)/z)/(2+8) (M(t, 5, ¢))2(t+5)/t(2+6) < 4l+t/VQ2/V.

By using this inequality and (28), we obtain

Mv,38,8) < 2"

Q(v,8,8) = max
{MV/Z(Z,S,&) < (41+t/vQZ/V)v/2 - 2V+tQ.

Qv+t 2 (E"Y;"t+3)t/(t+8) < 2v+'M(t, 8,(P) < 2V+tQ.

(26)

27

(28)

(29)
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(c) Assume that 2 <r. Note that (29) is valid in this case and, hence,

M(2 5 &) < 41+t/vQZ/v—2/tIM(2 S (P) < 41+t/VQ2/V—2/tQ2/t - 4rl+t/vQ2/v.

315

(Here, we have used the fact that 1{||¢;|| > y}||(p,-"'(2+6)/v_(2+8) < y"(2+3/V=(2+3) 4nd the definition of Q.)

By using the previous inequality and (28), we get

M®v,8,8) < 2V,
Q(v,8,8) = ax{

Mv/z(z, 5, g) < (41+t/VQ2/V)V/2 = 2V+tQ'
Cases (a), (b) and (c) imply that
Q(v,8,8) <2""Q

forevery 1 <¢<v, whence

V<2V,
(W) By using (16) and (17), we get
n n
2 E||n[|"" < Z EX[)7 < Z(E"Yill)”v-
= = Fey
Furthermore, we have I{| ¢;|| > y}"q),-"l_V < y!=V, whence

n
2 E"nl”t/v < 2t/vQ1/v—1 241 "(Pz"{:
i=

i=1
Since #+& > v, we can apply (18). As a result, we get
n
z EIlmII’/V < 2t/le/v~1M(t’ 8, (P) < 2t/quv.
i=1

Thus,

Finally, relations (23), (26), (30), and (31) yield

n t
gwl <

This completes the proof of Lemma 3.

M2l + 2V 2 g + 2V 12" g) < 2%l .

(30)

3D
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Corollary 1. Assume that, for some fixed real constants v 21, 8 >0, and ¢ 21 and any (F, B)-adapted
centered family | = {Ny,...,N,}, relation (11) is satisfied. Then, for any t such that 1 <t <V and any
(F, B)-adapted centered family ¢ = {9, ..., 9,}, we have

t

E < CQ(1,9,9),

Z P;
i=1

where C = ¢2(V=1+8)2v+2e-1)/d if t220.

Proof. According to Lemma 3, we can decrease the exponent in each step by 8.

3. Proof of Theorem 1

Lemmad. Let T be a finite subset in I, let h be a fixed positive integer, and let € > 0. Let Y,, te T,

be centered random variables such that E I Y, |h+s < oo, teT. Let

AT = Y, |E@E, .5,

teT®
where T = {t,, ..., t,} € T". Then
A(T) £ HYD(he,T). (32)

Proof. We omit the superscript (). We shall prove that, for any positive integer 4, we have

h-1 h-2 h
AKT) < (1 + Zcu,h-,,)L(h, e+ 3 (o) 4D Al (33
u=1\ u=
Here,
h-1
u=1
for h=1 and
=0

h-2
Y )
u=2

for h=1,2,3. The random variables Y, have expectation zero and, therefore, A;(T) = 0. Moreover, we shall
prove

AyT) £ (1 + ¢, DL(2,&, D). (34)
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We have

teT

wns S|+ 5 55 T x| 35
=1r=1 n

=Y,

tus o Xz, and Zg Zn

denotes summation over all & = {z;,...,t,} € T and N = {#,, ..., 5} € T"* such that the distance between
the sets {#,...,¢,} and {7,,1,.... %} is r, ie., the maximal distance between complementary pairs of nonempty

h—
where § = {t,....t}e T M = {t4,...00e T Ye =Y, .Y, , I

subsets of {¢,...,t,}. Note thatevery {1;,...,1,} € T" should appear on the right hand side of (35), i.e., we take
into account the order of components of T. By using the covariance inequality, we get

EYe Yy < [EX|IEY, |+ 8layrou h-w]?| Y]l | Fy . (36)
where
_ _& v = h+eg U= h+¢
P h+e’ u h—u

By using the Holder inequality, we obtain

I %ll = E|E, ...

ll

u 1/u u/(h+e) u
y, |+ uyulthre) o [(H E|Yr,~|h+€) J =[] Y, [|+e - (37
i=1 i=1

By virtue of relation (37), the inequality for arithmetic and geometric means, and Lemma 1, we now get

IA

%;"YE,MVHYn”u Z Y H (1% llhee)™™ H (A

n i=l i=u+l

IA

%; zﬂ:[z IE 2. + z (I, IIM)

IA

s, b 2wt (h—u = D= D| Y2 - (38)
teT

To explain the last inequality, we note that, for any fixed s € T, we can choose the other 4 — 1 members of & in at
most (1 —1)!b) -1 ways, the point closest to 1 in at most u ways, a point located at a distance r from the point

considered in at most s, ways, and the other #—u — 1 pointsin 1 in at most (h—u —1)! bf'“ -l ways. More-

!
over, the factor (h-1)! = % is explained by the different orders of / elements. On the other hand, we have

2 %2 [EL|[EY,| < (Z)Au(T)Ah—u(T)' (39)
n

r=1

By virtue of (35), (36), (39), and (38), we now get
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h-1 k-1
h
an < TEY+ T (HaDa.D+ T T cnllbllie
teT u=1 u=lseT
h-1
<

h-1 ’
3 (W) 4@ 4 + (1 +3 cu,h_u]L(h, e,
u= u=1

which yields (33). In the simple case k& =2, the above arguments give (34). In view of Lemma 2, relation (33)
yields (32).

Proof of Theorem 1. If h is an even positive integer, then

h
E(ZK)SMU)

teT
This and Lemma 4 yield (1) for even [. For arbitrary /, one can use Corollary 1.
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